Abstract. Let E be an elliptic curve over a number field K which admits a cyclic p-isogeny with p ≥ 3 and semistable at primes above p. We determine the root number and the parity of the p-Selmer rank for E/K, in particular confirming the parity conjecture for such curves.
Introduction
If E is an elliptic curve over a number field K, the number of copies of Z in the group of rational points E(K) is called the algebraic rank of E/K. If the Tate-Shafarevich group X(E/K) is finite (conjecturally, this is always the case), then for every prime p it is the same as the p-Selmer rank of E/K, defined as the algebraic rank plus the number of copies of Q p /Z p in X(E/K). We will write σ(E/K, p) for (−1) p-Selmer rank of E/K .
Tate's generalization of the Birch and Swinnerton-Dyer conjecture for elliptic curves over number fields predicts that the algebraic rank is the same as the analytic rank, the order of vanishing of the L-function L(E/K, s) at s = 1. The parity of the analytic rank is determined by the root number w(E/K) ∈ {±1}, which is the conjectural sign in the functional equation for L(E/K, s) under s ↔ 2 − s. Although this L-function is not even known to exist at s = 1 for K = Q, the definition of the root number (due to Langlands) is independent of any conjectures. Thus we expect the following parity conjecture: Conjecture 1. For any (some) prime p, the root number agrees with the parity of the p-Selmer rank, so w(E/K) = σ(E/K, p).
One of the main results in the paper is the following theorem.
Theorem 2. If E/K has a rational isogeny of prime degree p ≥ 3, and E is semistable at all primes over p, then Conjecture 1 holds for E/K and p.
Recall that the global root number can be expressed in terms of local root numbers over all places of K,
If E has an isogeny φ of degree p over K, then there is also a product formula for the parity of the p-Selmer rank (Cassels-Fisher, see [1] Appendix),
is even and −1 otherwise.
Notation. If φ : E → E ′ is an isogeny defined over F , we write F φ for the extension of F generated by the points in ker φ. If F is local, let (−1, F φ /F ) ∈ {±1} stand for the Hilbert symbol of −1 in this extension; thus it is 1 if and only if −1 is a norm from F φ to F .
In this paper we derive formulae for the local terms w(E/K v ) and σ φ (E/K v ) for odd p (Theorems 4 and 5). It turns out that although the root number and the p-Selmer rank agree globally, the local terms are not the same but are related as follows. Note that Theorem 3 implies Theorem 2 by the product formula for the Hilbert symbol,
Theorem 3. Let K be a number field and p an odd prime. Let E/K be an elliptic curve with a cyclic p-isogeny φ defined over K, and assume that E has semistable reduction at all primes above p. Then for all places v of K,
For K = Q, the parity conjecture for E and p in the case that E has a p-isogeny is a theorem of P. Monsky [6] , who also proves the conjecture unconditionally for K = Q, p = 2. If E/Q is semistable and has a rational p-isogeny (p odd), the parity conjecture for E base changed to an arbitrary number field follows from [1] , Thm. 3 and Prop A.1. Indeed, our computations of Selmer ranks are based on the approach by T. Fisher in [1] . We would also like to mention that for E/Q, recently M. Shuter [11] has done some beautiful computations of Selmer ranks over the fields where they acquire a p-isogeny.
Main results
Theorem 4. Assume F = R, C or [F : Q l ] < ∞, and let p ≥ 3. Let E/F be an elliptic curve with a rational p-isogeny φ. Then
E has good reduction, −1, E has split multiplicative reduction, 1, E has non-split multiplicative reduction, δ · (−1, F φ /F ), E has additive reduction and l = p.
Here δ = 1 unless p = 3, µ 3 ⊂ F and E/F has reduction type IV or IV * , in which case δ = −1.
Proof. Except in the case of additive reduction, the formula for w(E/F ) is well-known and does not depend on the existence of a rational isogeny (see e.g. [8] Thm. 2). The remaining case is dealt with in Section 3.
Theorem 5. Assume F = R, C or [F : Q l ] < ∞, and let p ≥ 3. Let E/F be an elliptic curve with a rational p-isogeny φ. Then
E has additive reduction and l = p.
Remark on Hilbert symbols. For l = p the above Hilbert symbols can be easily described: If F is Archimedean, (−1, F φ /F ) = 1 (i.e. −1 is a norm from F φ ) unless F = R and F φ = C. If F is non-Archimedean and E has semistable reduction, then (−1, F φ /F ) = 1 because this extension is unramified (see proof below). For l = p, see Lemma 11 for the description of the Hilbert symbol.
Proof of Theorem 5. Recall that σ φ (E/F ) = ±1 and it is 1 if and only if the power of p in
is even. For Archimedean F , the cokernel is always trivial while # ker = p unless F = R and
Henceforth assume that F is a finite extension of Q l . Then (1) equals
where c v is the Tamagawa number and α v is the leading coefficient for the action of φ on the formal groups. We will compute both contributions. For the quotient c v (E ′ )/c v (E), Lemma 10 in Section 4 shows that it has odd p-valuation precisely for the primes of split multiplicative reduction and primes of additive reduction with δ = −1. Next, for l | p, the isogeny φ induces an isomorphism on formal groups, so α v is a unit. For l|p, we will show that ord p |α v | v is even if and only if (−1, F φ /F ) = 1 (Section 6).
To complete the proof of the theorem, it remains to show that (−1, F φ /F ) = 1 for places l | p of semistable reduction. It suffices to check that F φ /F is unramified, since then all units are norms by local class field theory. But F φ /F is a Galois extension of degree prime to p, while the inertia subgroup of Gal(
is either trivial in case of good reduction or a p-group in case of multiplicative reduction (cf. [13] , Exc. 5.13).
Corollary 6. Let K be a number field and E/K an elliptic curve with semistable reduction at all primes above p. Assume E has a rational pisogeny φ. Then
where s is the number of primes of split multiplicative reduction of E/K, and δ v = 1 unless p = 3, µ 3 ⊂ K v and E has reduction type IV or IV * at v, in which case δ v = −1.
Since the Hilbert symbol over the semistable primes v | p is trivial, it follows from the product formula that the product over the additive primes can be replaced by the ones over p and over ∞, apart from the easy correction terms δ v (trivial for p > 3),
Root numbers
In this section [F : Q l ] < ∞ and E/F is an elliptic curve with additive reduction which admits a cyclic p-isogeny for some odd p = l. To prove Theorem 4 we need to show that
where δ = 1 unless p = 3, µ 3 ⊂ F and E/F has reduction type IV or IV * , in which case δ = −1. Recall also that F φ is the extension of F generated by the points in the kernel of φ.
We will determine w(E/F ) from the action of Gal(F /F ) on the p-adic Tate module T p (E). We mention that computations of this kind have previously been carried out by Rohrlich [7, 8] and Kobayashi [3] , and we refer to them for definitions and background for local root numbers and ǫ-factors of elliptic curves.
We set V p (E) = T p (E) ⊗ Zp Q p , and recall that the Weil group of F is the subgroup of Gal(F /F ) generated by the inertia subgroup and a lifting Frob of the Frobenius element. Write || · || for the cyclotomic character (local reciprocity map composed with the normalized absolute value of F ). Proof. That inertia acts as asserted follows the theory of the Tate curve (cf.
[13] Lemma V.5.2, Excs. 5.11, 5.13). In particular, E acquires multiplicative reduction over F φ .
Because the inertia subgroup is normal in the Weil group, Frobenius preserves the 1-dimensional subspace where inertia acts through a quotient of order 2; this gives the action of the full Weil group.
Next, the root number of the semi-simplification of V p (E) is given by the determinant formula (see [7] p.145 or [14] (3.4.7) )
Over F φ the character χ, and therefore also V p (E) ss , is unramified. Take a characterχ of F φ /F that coincides with χ on inertia. Thenχ is faithful on inertia, so χ(−1) =χ(−1) = (−1, F φ /F ) . The assertion follows from the formula (see [14] We need to show that the action of the Weil group on V p (E) is abelian. On the one hand, the commutator of any two elements acts trivially on the residue field, so it is an element of the inertia subgroup. On the other hand, its image in Gal(F φ /F ) is trivial, because the latter is abelian. As E/F φ has good reduction, this commutator acts trivially on T p (E).
It follows that T p (E) ∼ = χ ⊕ χ −1 || · ||, so w(E/F ) = (−1, F φ /F ) as in the proof of Lemma 7.
Lemma 9. Suppose E has potentially good reduction and p = 3. Then w(E/F ) = δ(−1, F φ /F ).
Proof. Denote G = Gal(F (E[3])/F ) and write I for its inertia subgroup.
Since I is a non-trivial subgroup of * 0 * * ⊂ GL 2 (F 3 ) of determinant 1, it is one of C 2 , C 3 and C 6 . Moreover, I = C 3 if and only if E has reduction type IV or IV * . (For l = 2, E has type IV or IV * if and only if the valuation of the minimal discriminant of E is 4 or 8, equivalently |I| = 3. For l = 2, see [5] , Thm. 2(i). ) (a) If I = C 2 , then δ = 1. The root number is (−1, F φ /F ) by the same argument as in Lemma 8.
(b) If I = C 3 , then (−1, F φ /F ) = 1 because it corresponds to an element of I of order dividing 2. Next, G is either C 3 or C 6 if µ 3 ⊂ F , and S 3 otherwise. If G is cyclic, then w(E/F ) = 1, because E acquires good reduction after a Galois cubic extension, and the root number of an elliptic curve is unchanged in such an extension ( [4] , proof of Prop. 3.4).
If G = S 3 , then Frob 2 acts centrally on V 3 (E), so it is given by a scalar matrix λ Id. From the properties of the Weil pairing, its determinant λ 2 equals to det(Frob) 2 = f 2 , where f is the size of the residue field of F . Note that f ≡ 2 mod 3 as µ 3 ⊂ F and λ ≡ 1 mod 3 since Frob 2 acts trivially on E [3] . In other words λ = −f .
Let χ be the unramified character of the Weil group that takes Frobenius to 1/ √ −f ∈ Q 3 . Then V 3 (E) ⊗ χ coincides with the 2-dimensional irreducible representation of G ∼ = S 3 . If φ is a character of order 3 of I, then by a theorem of Fröhlich-Queyrut ( [2] , Lemma 1 and Thm. 3),
where θ is the local reciprocity map on F (µ 3 ) * . Let η be the quadratic unramified character of G, and denote by m the largest integer such that tr
Writing 1 for the trivial representation, by inductivity in degree 0,
On the other hand, by the tensor product formula ([14] (3.4.6)),
(c) Now assume that I = C 6 . Then G = C 6 if µ 3 ⊂ F and G ∼ = D 12 otherwise. In the first case, the action of the Weil group is abelian, so the same argument as in Lemma 8 applies, and w(E/F ) = (−1, F φ /F ).
Finally, suppose G ∼ = D 12 and consider the twist E χ of E by the quadratic character χ of F φ /F . By inductivity in degree 0,
Both E/F φ and E χ /F have root number −1, as they fall under case (b) with G = S 3 . By the determinant formula,
Tamagawa numbers
In the remainder of this paper, we complete the proof of Theorem 5.
Lemma 10. Let E/F be an elliptic curve, [F :
the Tamagawa numbers, and let δ be as in Theorems 4 and 5. Then
0, E has good or non-split multiplicative reduction ±1, E has split multiplicative reduction 0, E has additive reduction and δ = 1 ±1, E has additive reduction and δ = −1
Proof. If E (and therefore also E ′ ) has good reduction, then c(E) = c(E ′ ) = 1. If E has non-split multiplicative reduction, then the c are 1 or 2, so the quotient is prime to p. If the reduction is split multiplicative, the quotient contributes either p or p −1 ([1], Lemma A.2). If E has additive reduction and p ≥ 5 then 1 ≤ c ≤ 4 implies that the quotient is prime to p. So it suffices to prove that for p = 3 the quotient is prime to 3 precisely when δ = 1. From Tate's algorithm ( [13] , IV.9), the case c = 3 only occurs when the reduction type is IV or IV * . Applying the multiplication-by-3 map to the exact sequence
and recalling that it is isomorphism on formal groups, we get that E(F ) has a 3-torsion point if and only if c = 3.
If the absolute Galois group acts on E[3] via
, then its action on E ′ [3] is of the form
. Also note that µ 3 ⊂ F if and only if the action factors through SL 2 (F 3 ). So if µ 3 ⊂ F , then E(F ) has a 3-torsion point if and only if the isogeneous curve has one, so c(E)/c(E ′ ) = 1. Conversely, if µ 3 ⊂ F , exactly one of E(F ), E ′ (F ) has a 3-torsion point, so c(E)/c(E ′ ) = 3 ±1 .
Hilbert symbols at primes above p
Lemma 11. Let Q p ⊂ F ⊂ F ′ be finite extensions (p odd), with F ′ /F cyclic Galois of degree dividing p − 1. Then (−1, F ′ /F ) = 1 if
and only if one of the following conditions is satisfied:
(1) The residue field k F of F is of even degree over F p , or (2) (p − 1)/e(F ′ /F ) is even, where e denotes ramification degree.
Proof. The condition (−1, F ′ /F ) = 1 is equivalent to −1 being a norm from
In other words, we may assume that [F ′ : F ] is a power of 2.
Let F u be the maximal unramified extension of F inside F ′ . If F u = F ′ , then all units of F are norms from F ′ and the result holds. Otherwise, we can write −1 = ζ [F u :F ] = N F u /F (ζ) for some ζ ∈ µ p−1 ⊂ F . Then (−1, F ′ /F ) = 1 if and only if ζ is a norm from F ′ to F u .
Since F ′ /F u is a totally and tamely ramified extension, a unit in F u is a norm from F ′ if and only if its reduction lies in the unique subgroup of k * of index [F ′ : F u ], where k is the residue field of F u .
Writing
where the last inequality is an equality if and only if [k : 
If both the conditions (1) and (2) Conversely, if one of (1) and (2) is satisfied, one of the inequalities in (3), (4) is strict, so ord 2 [k * : ζ ] ≥ ord 2 [F ′ : F u ]. In other words, ζ is norm from F ′ and (−1, F ′ /F ) = 1.
p-isogenies on formal groups
Let F be a finite extension of Q p (p odd), and denote by O F , m F = (π F ), v and k F = O F /m F its ring of integers, the maximal ideal, the valuation and the residue field respectively. Suppose E/F is an elliptic curve with semistable reduction and let φ : E → E ′ be a cyclic p-isogeny defined over
be the induced map on the formal groups, which can be considered as a power series of the form Letf : F E → F E ′ be the reduction of f modulo m F . The reduced formal groups F E , F E ′ are either those of the reduced elliptic curve in the case of good reduction, or isomorphic or G m in the case of multiplicative reduction (as follows from the theory of the Tate curve, cf. [9] , p.277). The mapf is an isogeny of formal groups over k of degree dividing p, so we have two cases to consider:
Proof. That α is a unit means thatf is an isomorphism of the reduced formal groups. Then the group scheme ker φ isétale over O F , so F φ /F is unramified.
In the case that v(α) > 0, the reductionf is an inseparable isogeny of degree p. Then we have √ π F ) the map f acquires a kernel (Lemma 13 again), so F φ ⊂ L has ramification degree over F not divisible by 2 e .
